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ABSTRACT. A. A. Kirillov introduced the family algebras in 2000. In this paper we study the noncommuta- 
tive Poisson bracket P on the classical family algebra C T (jj) . We show that P is the first-order deformation 
from C T (g) to Q T (jj) where the later is the quantum family algebra. We will prove that the noncommutative 
Poisson bracket is in fact a Hochschild 2-coboundary therefore the deformation is infinitesimally trivial. In 
the last part of this paper we also talk about Mackey's analogue and the quantization problem of the family 
algebras as in II II . 
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1. Introduction 

The family algebras are introduced by A. A. Kirillov in the year 2000 in lfl2l and |[T3l as follows: 
Let 3 be a finite dimensional complex Lie algebra, S(q) and U (g) be the symmetric algebra and the 

universal enveloping algebra of g respectively. Let G be a connected and simply connected Lie group 

with Lie(G) = g. G has adjoint actions ad on 5(g) and (7(g). 

On the other hand, let V T be a finite dimensional complex representation of g. Then r gives rise to a 

representation of G. Therefore G has a natural action on EndcV,-: 

VA G EndcK, 9 £G, g-A:= r(g) o A o r{g)- 1 . 

As a result, G has natural diagonal actions on Endear <S>c S(g) and End^V^ <8>c U(q): for any g G G 
and for any Ai ® a % € EndcV^ ®c S(g), Bi®b l £ EndcK <g>c U(g), 

g-{Ai® a { ) := g ■ Ai® (ads) a* = r{g) o A, o T(g)- 1 ® (adg) a\ 

g-(Bi<g> tf) :=g-Bi® (ad 5 ) b l = r(g) o B % o r^)" 1 ® (adg) b\ 
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Kirillov proved that C t (q) and Q T (g) w& algebras, that is, they are closed under multiplications. He 
( Ifl2l . lfT3l ) and Rozhkovskaya ([19]) have found various the relation between family algebras and the 
representations of g. On the other hand, in 2011, N. Higson relates family algebras with the admissible 
representations of complex semisimple Lie groups in [111 

In this paper, we study family algebras in another approach. It is well-known that we have a Poisson 
bracket on S(g) (see lfT4lD : Let X{ be a basis of g and be the structure constant with respect to the 
basis Xi, then for any a, 6 € S(g), the Poisson bracket is defined to be 



Now we can define the noncommutative Poisson bracket on the classical family algebra: 

Definition 1.2 (The noncommutative Poisson bracket on C T {g)). Let A,B G C T (g), A = Ai® a 1 , B = 
Bj (g> b 3 . We define the noncommutative Poisson bracket P as follows: 



In this paper we will study the properties of the noncommutative Poisson bracket (for short, Poisson 
bracket) on C T (g). The following are two important results we get: 

• The Poisson bracket on C T (g) characterize the first-order deformations from C T (g) to Q T (g), just 
as the Poisson bracket on S(g) characterize the first-order deformations from S(g) to U(g), see 
Proposition 14.61 

• In the Hochschild cochain complex of C T (g), the Poisson bracket is a 2-coboundary. In fact 
we can explicitly find a Hochschild 1 -cochain V which maps to the Poisson bracket under the 
Hochschild differential, see Theorem 15.41 

It is expected that this result can help us find a quantization map C T (g) — > Q T (g), as proposed by 
Higson in ifTTTl . 

This paper is organized as follows: In Section [2] we review the family algebras, in Section |3] we 
study the first properties of the noncommutative Poisson bracket P, in Section [4] we give the relation 
between P and the deformation from C T (g) to Q T (g), in Section |5]we prove that the noncommutative 
Poisson bracket P is a Hochschild 2-coboundary and therefore the deformation is infinitesimally trivial. 
In Section [6] we talk about the quantization problem of the family algebras. In the three appendices 
we summarize the results on Hochschild cohomology, Gerstenhaber bracket and their relation to the 
deformation theory. 

Remark 1. Although Kirillov and Higson in Ifl2l . ifTBl and IfTTTl require the Lie algebra g to be semisimple 
and the representation r to be irreducible, in this paper we do not need this restriction, except for Section 
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{ a, b} := c%X k ■ d l a ■ d j b. 



{A,B} := AiBj^ia 1 ,^}. 
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2. A BRIEF INTRODUCTION TO THE FAMILY ALGEBRAS 
Most of the materials in this section can be found in [12] and [13 ]. 

First of all, we use the following notation-definition 
Definition 2.1. 

Cr{Q) :=End c V T ® c S(g), 

~ (4) 
QM := End c V T ® c U(g). 

C t (q) and Q t (q) consist of matrices with entries in S(q) and U(q), respectively. Therefore they are 
algebras in a natural way: for any Aj ® a 1 , Bj (£> W £ C t (q)( or Q r (g)), their product is given by the 
following formula: 

(Ai <g> o*) • (Bj ® b>) := AiBj ® oV'. (5) 

Remark 2. Ai and -Bj do not commute in C r (g) and Q r (g). Moreover, in the Q r (fl) case a 1 and do 
not commute either. 

The following simple result will be frequently used: 

Proposition 2.1. In both C t (q) and Q t (q), the matrix component and the S(q) component always com- 
mute. In more detail, for any Ai ® a 1 , Bj b 3 G C T (g)(or Q t (q)), we have 

(Ai ® a 1 ) ■ (Bj ® W) =AiBj ® a l W 

=(Id®j) ■(A l Bj®V) (6) 

=(AiBj <gi a*) • (Id®V). 

Proof: It is obvious. □ 
By Definition ll.il we know 

CM = C~M G and QM ■= QMf ■ 
Now we show that the Lie group action can be reduced to the Lie algebra action. 

Proposition 2.2 (The criterion for classical family algebra, Ifl2l Section 1). Let Ai® a 1 G C T (g), then 
Ai <S> a % G C T (g) if and only if 

VX G g, [t(X), Ai] ®a l + Ai® {X, a 1 } = 0, (7) 

or in other words, 

VXGfl, [r(X),i4 i ]®o i =A i ®{a\ X}. (8) 
Proof: By definition ll.il we know that Ai ® a 1 G C r (g) if and only if: 

r(g) oAiO r(g)~ l ® (ad#) a 4 = Aj ® a*. 

It is well-known that the adjoint action of g on S(q) is exactly the Poisson bracket. As a result, Equation 
[7] and Equation [8] are infinitesimal versions of the above equation. Since G is connected and simply 
connected, they are equivalent. □ 
Similarly we have 

Proposition 2.3 (The criterion for quantum family algebra, [12] Section 1). Let Ai ® a 1 G Q T (g), then 
Ai® a 1 € Qt(q) if and only if 

VX G 0, [r(X),Ai] ® a* + j4< <8> [X, o*] = 0, 

or in other words, 

VX G g, [T(X),Ai] ®a l = Ai® [a\ X}. 
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Proof: Similar to the proof of Proposition 1231 □ 

Then we can prove the following result: 

Corollary 2.4 (see also Ifl2l and El). C T (g) and Q T (g) are subalgebras of C T (g) and Q T (s)) respec- 
tively. 

Proof: Let A4 ® a 1 and Bj ® IP be two elements in C T (g). Their product 

(A,, ® a*) • {Bj ® 6*) = ^Bj ® aV'. 

Now VX G g, 

[r(X), AjS,-] (2) aV =[t(X), A;]Bj ® aV + ^[t(X), Bj-] (8 aV 

=([r(X), Ai] ® a*) • (Bj ® &*) + (A ® a*) • ([r(X), Bj] ® V). 

The second equality is because of Proposition 12.11 the matrix component always commutes with the 
S(g) component. 

Now by Proposition 12.21 we know 

the above =(Ai <g> {a\ X}) ■ (Bj ® b>) + (Aj ® a*) • Bj <g> X} 

=ABj ® {a\X}6-? + AiBj ® o'^,!} (Proposition [2J| 

=AiBj ® {aV, X}. 

Hence we get 

AiBjt&jV G C t (q). 
In the same way we can show that if A4 ® a* and Bj ® fr 7 are in Q r (fl)> then 

ABj®aV G Q T (g). □ 

It is not difficult to see that the family algebras are nontrivial. In fact, let 1(g) = S(g) s be the invariant 
subalgebra of S(g) and Z(g) be the center of U(g). We have 

Proposition 2.5 ([13]). 1(g) embeds into C T (g) as scalar matrices 

1(g) ^ C T (g) 
a Id ® a. 

Similarly Z(g) embeds into Q T (g) as scalar matrices too. 

Proof: It is obvious that 1(g) embeds into C T (g) as scalar matrices. Now by Proposition 12.21 it is easy 
to see that the image is contained in C T (g). 
The proof for Z(g) and Q T (g) is the same. □ 

Example 1. For any g, when the representation r is the trivial representation, we see that /(g) = C T (g) 
andZ(g) = Q T (g). 

Example 2. For g = sl(2, C) and { e, /, h} be the standard basis of sl(2, C) which satisfies the commu- 
tation relation 

[ej] = h, [h,e]=2e, [hj] = -2f. (10) 
Let r be the 2-dimensional standard representation, we can find an element M G C T (g) which is not in 
/(g). In fact 

M=(| /j) (11) 

We can also find an element in Q T (g) with the same expression of M, see [12] and lfl3l . 

Remark 3. When r is nontrivial irreducible and g is semisimple, 1(g) is not equal to C T (g) and Z(g) is 
not equal to Q T (g) either, see Corollary 15 . 3 1 below or Ifl2l . 
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3. The noncommutative Poisson bracket on C t (q) 
The noncommutative Poisson bracket on C r (g) in Definition 1 1.21 can be easily extended to C r (g): 

Definition 3.1. Let i,B G C r (g), A = A4 ® a 1 , B = Bj ® V . We define the noncommutative Poisson 
bracket as follows: 

{ A, B} := AiBj ® { a\ W}. (12) 
We will also denote the noncommutative Poisson bracket by P. 

Remark 4. P. Xu gives a similar construction in [22] Example 2.2. Nevertheless, our construction has 
different purpose than his. 

Remark 5. The Poisson bracket on C T (g) is not anti-symmetric and does not satisfies the Leibniz rule 
and the Jacobi identity. 

Nevertheless, J. Block and E. Getzler in 1992 give a definition of Poisson bracket on noncommutative 
algebra in [3] and we can prove that our noncommutative Poisson bracket P satisfies the requirement of 
Poisson bracket in that sense: 

Definition 3.2 ([3] Definition 1.1). A Poisson bracket on a (posssibly noncommutative) algebra A is a 
Hochschild 2-cocycle P G Z 2 (A, A) such that P o P £ C 3 (A, A) is a 3-coboundary. In other words 

PoPe B 3 (A, A) c Z 3 (A, A) c C 3 (A, A). (13) 

For Hochschild cohomology see Appendix lAl and for the definition of P o P see Proposition lB.il 

Remark 6. In Definition l3.2l we can consider the condition P € Z 2 (A, A) as a noncommutative Leibniz 
rule and P o P £ B 3 (A, A) as a noncommutative Jacobi identity. They together implies that P can be 
lift to an associative product on A up to order 3, see Corollary IC.2I 

For our algebra C r (g) and the Poisson bracket P in Definition 13.11 first we can prove that P is a 
2-cocycle. We have the following proposition: 

Proposition 3.1. For any A,B,C € C T (g), we have 

A{B, C} - {AB, C} + {A, BC} - {A, B}C = 0. (14) 
In other words, we have d#P = where dn is the Hochschild differential. Therefore 

P £ Z 2 (15) 

Proof: Let A = Aj ® a 1 , B = Bj ® W and C = ® c k . Remember Proposition 12.11 the matrix 
component and the S(q) component always commute. Then by the definition of the Poisson bracket we 
get 

A{B, C} - {AB, C} + {A, BC} - {A, B}C 
=AiBjC k ® (ai{bj,c k } - {aibj,c k } + {ai,bjC k } - {ai,bj}c k ). 
By the Leibniz rule of the (ordinary) Poisson bracket on 5(g) we know that 

ai{bj,c k } - {aibj,c k } + {ai,bjC k } - {ai,bj}c k = 0. □ 

Proposition 3.2. P o P is a 3-coboundary. In other words, PoPe B 3 (C t (q),C t (q)). 

In fact, we can define a 2-cochain $ G C 2 (C T (g), C T (g)) as follows: Let A = A ® a and B = B ® 6 
(to simplify the notation we omit the super and sub-indices) 

§{A,B) :=AB ® \c s ij c t kl X s X t d l d k ad j d l b 

\ (16) 
+AB ® -c t ks c s ji X t (d k &>ad i b + 8 l ad k d ] b). 

Then we have 

PoP + d H <S> = 0. (17) 
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Proof: For any A,B,C G C t (q), by Definition 

PoP(A,B,C) = {A,{B,C}}-{{A,B},C}. (18) 
Let ,4 = A <8> a, B = £ ® 6 and C = C <g> c , then 

P o P(.A, B, C) = ABC <g> ({ a, { 6, c}} - {{ a, 6}, c}). 
Now the problem reduces to 5(0). We have the following lemma: 
Lemma 3.3. We can define a 2-cochain <fi G C 2 (5(g), 5(g)) as follows: for any a,b G 5(g) 

cf>(a, b) := \c s ij c t kl X s X t d i d k ad j d l b + \c t ks c s ji X t {d k d j ad l b + d i ad k 8 j b). (19) 

Then for any a, b, c G 5(g) we /jave 

{a,{&,c}}-{{a,6},c} + (<fe0)(a,&,c) =0. (20) 

Assume we have Lemma [331 by abusing the notations we have $> = Id (g> <j>, then we immediately get 
PoP + d H $ = 0. □ 

Proof of Lemma [331 We can check it by hand using Jacobi identity Another approach involves the 
star-porduct on 5(g) and the general result of deformation theory and we defer it to Proposition 14.21 □ 

By Proposition 13.11 and 13.21 we know that the noncommutative Poisson bracket in Definition 13.11 is 
indeed a Poisson bracket in the sense of Definition 13 .21 

Before we move on, we need to prove that the Poisson bracket indeed maps C T (g) ® C T (g) to C r (g). 
That is the following proposition: 

Proposition 3.4. For any A,B G C t (q), we have that {A, £>} is still in C t (q). In other words, the 
noncommutative Poisson bracket in Definition U .2\ is well-defined. 

Proof: We can proof this proposition by computation using Proposition 12.21 and the definition of the 
noncommutative Poisson bracket P. In Section [5] we will give another proof using a different construc- 
tion of P. See Corollary |5jJ □ 

4. The noncommutative Poisson bracket and the deformation of C t (q) 
We will see in this section that the Poisson bracket plays an essential role in the deformation of C T (g). 

4. 1. A quick review of the deformation from 5(g) to U(g) and the Poisson bracket. Before studying 
the deformation of C t (q), let us first review the corresponding theory of 5(g) and U(g). 
It is well-known that 

S(q)=T(q)/(X®Y-Y®X) (21) 

and 

U(q)=T(q)/(X®Y-Y®X-[X,Y\) (22) 
where T(g) is the tensor algebra of g. 
Moreover, we consider the algebra 

U t (s) = T(g)/(X ®Y-Y®X- t[X, Y\). (23) 

For t ^ all the algebras Ut(g) are isomorphic to U (g), and when t = 0, Uq(q) is isomorphic to 5(g). 
t is called the deformation parameter. 

We have the Poincare-Birkhojf-Witt map (Ipbw) from 5(g) to t/t(g) given by: 

Ipbw : 5(g) — > U t (o) 

X\X 2 ...X k i — ► -^X a ^X u{ 2) ■ ■ ■ X a (k)- 

The Poincare-Birkhoff-Witt theorem (see fljj) tells us that the above map Ipbw is an isomorphism be- 
tween g-vector spaces. 
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Remark 7. The map Ipbw is not an algebraic isomorphism unless g is an abelian Lie algebra or t = 0. 

Therefore we have the following definition 

Definition 4.1. The map Ipbw pulls back the multiplication of Ut(g) to 5(g) and we call it the star- 
product on 5(g), denoted by * t . For any a, b G 5(g) 

a* t b:= IpB W (IpbwO) • Ifbw(&))- (25) 

In particular we denote *i simply as *. When t = the star-product reduces to the original production 
on 5(g). Obviously * t satisfies the associativity law because the multiplication on Ut(g) is associative. 

Now by definition, the map Ipbw gives an algebraic isomorphism 

IpBw:(5(fl),*t)^>(?7 t (0),.). (26) 
Therefore we can identify Ut{g) with (S(q), * t ), especially we can identify U(q) with (5(g), *). 

Remark 8. Our star-product * t is not exactly the same as the sart-product constructed by Kontsevich in 
lfl6l Section 8. Nevertheless, they give isomorphic algebra structures on 5(g). 

The star-product * t depends on the deformation parameter t. In fact we can write the first few terms 
of * t . 

Proposition 4.1 ([10] Section 3). We can write *t as 

a* t b = ab+ t -{a,b} + 0{t 2 ). (27) 

□ 

In other words, the Poisson bracket on 5(g) is exactly the first-order deformation from 5(g) to U(g). 

Remark 9. In fact we can find the expressing of the t 2 term in the star-product. According to [9 ] Remark 
4.7, for any a, b € 5(g), the t 2 term is 

m 2 (a, b) := \ci j c t kl X s X t d i d k ad' J d l b + ^-ci s c s H X t {d k & ''a&b + d i ad k 8 j b). (28) 
8 12 J 

Now we can give another proof of Lemma [331 

Proposition 4.2 (Lemma 13.31) . We can define a 2-cochain <j> E C 2 (5(g), 5(g)) as follows: for any 
a,be 5(g) 

<f>(a, b) := \c s ij c t kl X s X t d i d k ad j d l b + \c t ks c s ji X t {d k d j ad% + d i ad k d j b). (29) 

Then for any a,b,c G 5(g) we have 

{a,{b,c}}-{{a,b},c} + (d H 4>)(a,b,c) = 0. (30) 

Proof: In the framework of deformation theory (see Appendix 0. Let m = *t be the star-product. 
Compare Proposition 14. 1[ Equation [28] and Equation [75] we get 

P = 2m\ and <p = 4m2- 

where we denote the Poisson bracket on 5© by P also. 

Since we know from the definition that the star-product is associative, by Proposition IC.21 especially 
Equation [82] we get 

mi o mi + dnm-2 = 

hence 

P o P + d H = 

and this is exactly Equation [30] □ 

If we restrict ourselves to the invariant subalgebra 1(g) = 5(g) 9 , then we have the following well- 
known result about the Poisson bracket: 
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Proposition 4.3 ([14]). The Poisson bracket vanishes on I(q). In other words, for any a, b 6 1(g), we 
have 

{a,b} = 0. (31) 
Proof: This is almost the definition of 1(g). In fact 

{a,b} = 4x k (d l a)(d^b) 

= (adXj (a))(d j b). 

Since a £ /(g), we know that adXj (a) = for any Xj, as a result, { a, b} = 0. □ 
On the other hand, we can find the image of Ipbw restricted on 7(g). 

Proposition 4.4 ( H15I ). The image of 1(g) under the Poincare-Birkhoff-Witt map Ipbw is exactly Zt(g), 
the center ofUt(g). In other words, 

Ipbw : 1(9) Z t (g) (32) 
is an isomorphism between vector spaces. 

Proof: Just remember that Ipbw : S(g) — > Ut(g) is an isomorphism between g-vector spaces,i.e. it is 
compatible with the g-actions. □ 

Remark 10. Proposition 14.31 and Proposition I4.4l tell us that the first-order deformation from 1(g) to Z(g) 
is zero. 

In fact we have the much deeper Duflo's isomorphism theorem: 
Theorem 4.5 ((6J, Ifl6l Section 8, [1] and [|4]]). There exists an algebraic isomorphism: 

Duf:I(g)^Z{g) (33) 

□ 

Remark 11. In general, the map Duf will be different from the Poincare-Birkhoff-Witt map Ipbw in 
Proposition 14.41 although they have the same domain and image. 



Remark 12. Since Z(g) is isomorphic to Z t (g) as algebras, the map Duf can be easily generalized to the 
map Duf t : 1(g) — > Z t (g) for any t. 

4.2. The deformation from C T (g) to Q T (fl) and the noncommutative Poisson bracket. Parallel to 
the constructions of 5(g), let us make the following definition 

Definition 4.2. We define the algebra Q l T (g) as 

S*(g) :=EndV T ®U t (g). (34) 

Moreover, we define 

Qi(g) :=(EndV T ®U t (g)f. (35) 

By definition, we have Q°(g) = C^(g), Q°(g) = C T (g) and for any t + we have Q\ (g) ^ Q T (g), 
QUd) = Qr(fl). 

We also have the Poincare-Birkhoff-Witt map on the family algebras: 

Definition 4.3. The Poincare-Birkhoff-Witt map Fpbw on family algebras is defined to be Id ® Ipbw- In 
other words: 

Fpbw: S;(fl)^Q*(fl) 

(36) 

Ai <S> a 1 i — > Ai ®Ipbw(o ). 
Fpbw is an isomorphism between g-vector spaces. 
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As Ipbw> Fpbw is not an algebraic isomorphism either. Nevertheless it can also pull back the product 
onQ*(0) toCV( ): 

Definition 4.4. The star-product * t on C r (g) is defined to the pull-back of the product on Q^_(g) via the 
map Fpbw- In other words, for any A,B e C T (g) 

A* t B:= Fp B V (Fpbw (A) ■ Fpbw (B) ) ■ (37) 

Moreover, if we write A = Ai <g> a % and B = Bj ®W , then 

(Ai ® a 1 ) * t (Bj V) = AiBj ® (a* * t V). (38) 

Therefore the map Fpbw gives an algebraic isomorphism 

FpBw:(Mg),*0^(Qt(g),-)- (39) 

Therefore we can identify Q* (g) with (C r (g), *t), especially we can identify Q T (s) with (C r (g), *). 
For the star-product on C T (g), we also have 

Proposition 4.6. We can write the star-product *t on C r (g) as 

A* t B = AB+ t -{A 1 B} + 0{t 2 ). (40) 

In other words, the Poisson bracket on C t (q) isexactly the first-order deformation from C T (g) toQ T {o). 

Proof: This is just a combination of the definition of star-product (Definition 14.4b . the definition of 
noncommutative Poisson bracket (Definition l3.il ) and Proposition 14. II □ 

Remark 13. By now, the results in this subsection exemplified the slogan "the deformation theory of an 
algebra A is the same as that of the matrix algebra Mat nxn (A)." However, when restrict to the invariant 
subalgebras, these two become different. 

If we restrict ourselves to the family algebra C T (g), i.e. the invariant subalgebra of C r (g), we get the 
follow proposition which is similar to Proposition 14.41 

Proposition 4.7. The image of C t (q) under the Poincare-Birkhoff-Witt map Fpbw is exactly Q* (g), the 
invariant subalgebra of Q* (g). In other words, 

CM -> Q l M (4i) 

is an isomorphism between vector spaces. 

Proof: Just remember that Fpbw : C T (g) — > Q* (g) is an isomorphism between g-vector spaces,i.e. it 
is compatible with the g-actions. □ 

Now it is natural to ask for the corresponding result of Proposition 14. 3 1 and the Duflo's isomorphism 
theorem 1431 on family algebras. 

In fact, in Theorem 15 .4 1 of this paper we will prove that the noncommutative Poisson bracket vanishes 
in the Hochschild cohomology. The generalization of Duflo's isomorphism theorem to family algebras 
is still an open problem, see Section |6] 

5. The vanishing of the noncommutative Poisson bracket in HH 2 (C T (g)) 
5.1. The map V. In this section we focus on the classical family algebra C T (g) and the matrix algebra 
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Definition 5.1 (The definition of V). We define the map V : C T (g) — > C t (q) as follows: Fix a basis X k 
of g. Let Ai ® a* G C T (g), 

V(A ® a*) := ^r(X fc ) d k (a i ). (42) 

Notice that C T (g) is nothing but a matrix algebra with entries in 5(g). In the form of matrices, 

V(.A) = d k (A)r(X k ). (43) 

Hence V is a first-order differential operator on C r (g). 

From Equation [43] it is not difficult to see that the map V dose not depend on the expression of 
A G C r (g) as A4 <g> a\ 

To show V is a well-defined map, it is now sufficient to prove the following proposition: 

Proposition 5.1. The map V : C T (g) — > C r (g) is independent of the choice of the basis ofg. 

Proof: We need to do some computation. Let Xj be another basis of g. Then 

JLj — 1- A fe 

where Tj is the transition matrix. Then, let & be the partial derivation with respect to Xj, we have 

8P = (T- l )[d k . 

Let V be the V map under the basis Xj, for Ai ® a 1 G C r (g), we have 

V(A { ® a*) =A iT (Xj) ® ^'(o*) 

=A i T(l}X k )®(T- 1 Y l tf(a i ). 
The constant (T^ 1 )^ can be moved to the first component, hence 

the above =T k {T- l ){AiT(X k ) ® dV) 
=<5f ^r(X fc ) ® ^(a*) 
=^r(X fc )(8)^(a 1 ') 
=V(A ® a*) 
So V is invariant under the change of basis of g. □ 

The map V is obviously C-linear, moreover it has the following important property: 
Proposition 5.2. The image under V of the subalgebra C r (g) is contained in C r (g) itself. 

Proof: The proof requires some careful computation. 

Let Ai ® a* G C T (g), then 

V{A i ®a i ) = A i T(X k )®d k {a i ). 
By Proposition 12.21 we only need to show that, for Xj which is one of the basis of g, we have 

[T(Xj),AiT(X k )] ® d k a i = AiT(X k ) ® { tfa^Xj}. (44) 

In fact, 

the left hand side 

= [r(X 3 -), Ai]r(X fc ) d*a* + MT(Xj), r{X k )} ® 9*0* 
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To make the following computation more clear, let us denote: 

i^varpr,),^]®^), 

II :=A i [T{X j ),T{X k )}®d k a i . 
For I, since A4 ® a 1 E C t (q), by Proposition 12 . 2 1 we have: 

I = V([T(Xj), Ai\ ® **) = V(Ai ® {a\X,}) 
From the definition of the Poisson bracket on 5(g), we know 

K,X,} = f ? lA X r &'a i tfXj = d r a X r d a a i S l j = c r sj X r d s a\ 

Therefore 

I =V(Ai ® ZjXr&'a*) 
=A i r(X l )®d l (c r sj X r d s a i ) 
=A 1 t{X 1 ) ® <? aj (&{X r )&'a i + X r d'dV) 
=A 1 t{X 1 ) ® c r sj S l r d s (j + ^r(X) ® (* j X r tfd a a i 
=A iT (X r ) ® c^-dV + Ai-r(J^) ® c r sj X r d s d l a\ 

Nevertheless, we have 

<? aj X r d'#a i = {d l a l ,Xj} 

As a result 

I = ,V(X r ) ® c^dV + A;r(X) ® {dV, X,} (45) 

As for II, we know 

II ^[T^.Tpffc)]®^ 

=A i T{[X j ,X k ])®d k a i . 

We know that [Xj , X k ] = c r - k X r hence 

T{[X 5 ,X k ]) = r(c r jk X r ) = c r jk r(X r ) = -c r kj r(X r ). 

As a result 

ll=A i T([X j ,X k ])®d k a i 

= - A iC r kj T(X r ) ® 5*0* (46) 
= -,4 i r(X r )(g>4 i dV. 

Combine Equation 1451 and 1461 we get 

the left hand side ofEHl 
= 1 + 11 

=A i r(X r ) ® c r sj d s (j + A{t(Xi) ® {S'aSx,-} - ^r(X r ) ® cj^a* 

=A i r{X l )®{d l a\X j } 
= the right hand side of HU 

Therefore we finishes the proof. □ 

Now according to Proposition 15.21 we can say that V is a C-linear map from C t (q) to C T (g). In 
other words, V belongs to the Hochschild 1-cochain C 1 (C t (q),C t (q)). see Appendix lAl for a review of 
Hochschild cohomology. 

Before moving on to the next section, we give a direct application of the map V. 
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Corollary 5.3 ([ 12] Section 1). When the Lie algebra g is semisimple and r is a nontrivial irreducible 
representation, the classical family algebra C T (g)) is more than /(g), i.e. /(g) $1 C T (g)), and we also 
have Z(q) £ Q T (g)). 

Proof: Let Cas be the quadratic Casimir element in /(g), degCas = 2. Then by Proposition 15.21 we 
know that V(Cas) G C T (g)) but deg V(Cas) = 1. Since r is nontrivial we know that V(Cas) ^ 0. On the 
other hand, since g is semisimple, there is no nonzero degree-1 element in /(g), therefore V(Cas) ^ /(g) 
hence /(g) £ C r (g)). 

Since there is a PBW map Fpbw : C T (g)) — > Q T (fl)) which maps /(g) to Z(q), we know that Z(g) $1 

Qr(fl))- □ 

Remark 14. In fact, in Example [2l the element M is obtained in the same way as VCas in the above 
corollary. 

Remark 15. Then map V is motivated by the element Mp defined in Section 1 of Ifl2l . Nevertheless in 
that paper Mp is defined only for P € /(g) and here we extend the domain to all C T (g). 

5.2. V and the Poisson bracket. In this subsection, we build up the relation between V and the Poisson 
bracket P. 

First we review some notations of Hochshchild cohomology. Notice that V : C T (g) — > C T (g) is a 
Hochshchild 1-cochain, i.e. 

VGC 1 (C T (g),C r (g)). 

Let 

d H : C 1 (C T (g),C T (g)) -»• C 2 (C t (q),C t (q)) 
be the differential map in the Hochschild complex. 

Let A,B€ C t (q). Then by the definition of dn, we have 

(d H V)(^, B) = AV{B) - V{AB) + V{A)B. (47) 

The following theorem is the main result of this paper. 

Theorem 5.4. For any A = Ai <g> a 1 , B = Bj <g) IP G C r (g), we have 

{A,B} = -AV{B) + V(AB)-V{A)B. (48) 

In other words 

p + d H V = (49) 
as elements in the Hochschild 2-cochain C 2 (C t (q), C r (g)). Therefore the Poisson bracket is a cobound- 
aryinC 2 (C T (Q),Cr(Q)). 

Proof: First let us see what is V(AB): 

V(AB) ^(AiBj ® a't?) 

=A i B jT {X k )®d k {a l V) (50) 
=AiB jT {X k ) ® {d k a l )V + AiBjT{X k ) ® a l {d k b>) 
To make the computation more clear, let us denote: 

l:=A i B j T{X k )®(d k a i )V, 
II :=A l B j T(X k )®a i (d k b j ). 

Then 

V(AB)=I + II. (51) 
It is easy to see that II = AV{B). In fact 

II = AiBjT(X k ) ® a\d k V) = {Ai ® a?) ■ {BjT(X k ) ® d k V ) = AV{B). (52) 
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Unfortunately, I ^ (S7A)B in general. We know that 

I = AiBfriXk) ® {d k a l )b> 

and 

(VA)B ={A iT {X k ) ® d k a l ) ■ (Bj ® b>) 
=A i r{X k )B j ®{d k a i )V. 

Therefore 

I _ (yA)B ^AiBjriXk) - A iT {X k )B 3 ) ® (5*0*)^' 
=A i [B j ,T(X k )]®(d k a i )V. 
We need to further simplify Ai[Bj,r(Xk)] <8> (d k a l )b J . In fact we have the following lemma 
Lemma 5.5. any A = Ai <g> a 1 , B = Bj ® W G C T (0), we /iave 

Ai^rtXfc)] (dV)fr 7 = ^ ® { a*, ft 1 '} = { A^}- (54) 
Assuming Lemma 1531 then by Equation [53] we have 

I = { A, B} + {VA)B. (55) 
Put equations I5T1 1521 and 1551 to gether. we have: 

V(AB) - AV{B) - V{A)B 
=1 + II - AV{B) - V(A)B 

={ A, B} + (VA)B + AV{B) - AV{B) - {VA)B (56) 
={A,B}. 
This proves Theorem 15.41 □ 

Proof of Lemma [531 First by Proposition 12. 1 1 we have 

Ai[Bj, t(Xi*)] ® (d k a l )V = (A, ® dV) • ([B i9 r(X fc )] ® &*). 
Since B = Bj ® &•? is contained in C T (g), by Proposition 12 . 2 1 we know that 

=A i B j ®(d k a i ){X k ,b>] 
=AiBj ®{a\V} 
={A,B}. 

This proves Lemma [531 □ 

Remark 16. Although both the map V and the Poisson bracket P can be defined on the larger algebra 
C T (g), we do not have the relation 

{A,B} = -d H V(A,B) 
for any A, B G C T (g). In fact, in the proof of Lemma 1531 we see that we need B G C r (g). 

From the view point of Proposition IC.3[ we have the following 
Corollary 5.6. The deformation from C T {g) to Q T {g) is infinitesimally trivial. 

Proof: We know in Proposition 14. 61 that the first order deformation mi is ~P, therefore this corollary 
is just a direct consequence of Theorem l5.4l □ 

We can also give an alternative proof of Proposition [33] using Theorem 15 .4 1 

Corollary 5.7 (Proposition 13 .41 ). For any A,B£ C T (g), we have that { A, B} is still in C T (g). 
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Proof: In the proof of Theorem 15.41 we do not require a priori that { A, £>} € C T (g). Now by Propo- 
sition [5]2] we know that V maps C r (g) to C T (g), hence from Theorem 15.41 we get the result we want. 

□ 

5.3. A digression to an alternative of V. We can define a map V' : C T {g) — >■ C T (g) to be 

V'(A ® a*) := r(X fc )^ ® 5*0* . (57) 
Similar to Proposition 15-21 we can check that V also maps C T (g) to C T {g). 

Remark 17. The difference between V and V' is: in the definition of V, the matrix r(Xk) is multiplied 
from the right; while in the definition of V', the matrix r(Xk) is multiplied from the left. 

In general V(A) ^ V(A), we want to compute their difference. First we define the first Chern class 
on C T (g) following [4] Section 1.1. 

Definition 5.2. The first Chern class c\ is a map C T (g) — > C T (g), c\ := tr(ad). More precisely 

ci : C T {g) —> C T (g) 

(5o) 

A®ai->A® dfla. 

It is easy to check that c% is g-invariant hence c% maps C T (g) to C T (g). Moreover, it is also easy to check 
that the first Chern class is closed in the Hochschild cochain, in other words, c\ £ Z 1 (C T (g),C T (g)) and 
ci GZ 1 (C r (g),C r (g)). 

Having the first Chern class, we can express the difference between V and V in C r (g): 

Proposition 5.8. In C T {g) we have V — V = — c\. 

Proof: For any Ai <8> a 1 € C T (g) 

V(Ai ® a 1 ) - V'(Ai ® o*) =AiT(X k ) <g> 5V - T(X fe )A ® 0*0* 

= [A,r(X fc )]®5 fc a 4 

=5 fc ([vli, r(Xfc)] ® a*) (We can move the partial derivative out). 
Since Ai® a 1 £ C T (g), we have 

[Ai, r(Xk)] ®a L = Ai® {X k , a 1 }. 

Therefore 

V(Ai ® a*) - V'(Ai ® a*) =5 fc (A ® {X fc , a 1 }) 

=A i ®d k ({X k ,a i }) 
=A i ®d k (c[ j X l d j a i ) 
=Ai ® (c^a* + (} kj Xi8r k a i a i ) 
=Ai ® clj&a 1 + Ai® c l kj X l d k d j a i 
= - ci(Ai ® a*) + A® 4,,JQ5 fc 5V 
Since cjy is anti symmetric with respect to fe, j, it is easy to see that 

Ai ® c l kj X l d k d j a i = 

Hence we get 

V(Aj ® a*) - V'(Aj ® a*) = -ci(^ ® a*) □ 

Corollary 5.9. C r (g) we have <i//V = <i//V = P the Poisson bracket. Therefore we can replace V 
by V in Theorem \5.4\ 
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Proof: We know that dnV = P and V — V = —c\. In Definition [5^2] we also know that c\ is closed, 
i.e. dn c\ = 0. □ 

Moreover, we have the following result 
Proposition 5.10. When g is a semisimple Lie algebra, we have V = V in C t (q). 

Proof: We know that for semisimle Lie algebra, the adjoint representation is traceless, in other words 

c\j = for any j. 

Therefore c\ = for semisimple g. □ 

Remark 1 8. I am still not clear about the significance of the result in this subsection,especially its relation 
with the quantization problem, see Section [6] 

6. Open Problem: Mackey's analogue and The quantization of the family algebras 

In this section we restrict to the case that g is complex semisimple and the representation r to be 
semisimple. 

In 1975 G. Mackey ([18 ]) studied the analogies between the representations of a semisimple Lie 
group G and those of its Cartan motion group G c . Moreover, as we have mentioned in the introduction, 
N. Higson find the relation between family algebras and Mackey's analogue in ifTTl . 

Remark 19. In fact, Higson introduced the spherical Hecke algebras 1Z(q, t) and 7£(g c , r) respectively. 
These algebras have the importance that the irreducible 7£(g, r) modules are 1-1 correspondent to ir- 
reducible (g, K) -modules of G with nonzero r-isotypical component, and the similar result holds for 
TZ(q c , t). When G is complex semisimple, Higson proved that the spherical Hecke algebras are isomor- 
phic to the family algebras. For details see ifTTTl . 

Let h C g be the Cartan subalgebra. Higson also constructed the generalized Harish-Chandra homo- 
morphisms: 

GHC T : K(q,t) ->• C/(h) 

(59) 

GHC T , c :ft(g c ,r)^S(h) 

and relates them to the admissible duals of G and G c with minimal K-type r. 

The Mackey's analogue for admissible dual of complex semisimple G has the following form: 

Theorem 6.1 ( 1111 . Section 8). Under the identification U{\)) = 5*(h), the two homomorphisms GHC T 
and GHC r c has the same image. 

In the end of ATI . Higson proposed the problem of constructing a quantization map Q between C T (g) 
and Q T (s) suc h that the following diagram commutes. 



C r (g)---- Q ---Q T (g) 



GHC T . 



c 



GHC T 



5(h) > f/(h) (6Q) 

Here Q is a vector space isomorphism but need not to be an algebraic isomorphism. 

Remark 20. Acording to Theorem 15.41 and Corollary 15.61 the deformation from C T (g) to Q T (g) is in- 
finitesimally trivial, which suggests that they are very closed to each other. The quantization problem 
ask us to find precisely the relations between C r (g) and Q T (g). 
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Remark 21. On the other hand, in the 2002 Ph. D thesis |[T9l Chapter 6, N. Rozhkovskaya studied 
the family algebras for q = sl(2, C) and for any finite dimensional irreducible representation of g. In 
fact she gave explicitly the generators and generation relations of C t (q) and Q T (fl). According to her 
formulas, C t (q) and Q T (fl) are not isomorphic as algebras unless r = the trivial, the standard or the 
adjoint representations. This suggests that we cannot expect the quantization map Q to be an algebraic 
isomorphism. 

In HI and A. Alekseev, and E. Meinrenken give a new proof of Dufio's isomorphism theorem 
using the quantization map of the Weil algebras. 

In GUI Z. Wei introduced the covariant Weil algebras as simultaneous generalizations of Weil algebras 
and family algebras. It is expected that the quantization problem of family algebras can be solved in the 
framework of covariant Weil algebras. 



Appendix A. Hochschild cohomology 

Let us review the theory of Hochschild cohomology, see OTTl or J31 Section 2 for references. 

Let A be an associative C-algebra. The associated Hochschild complex C*(A, A) is defined as follows: 

C n (A, A) := Hom c (.4® n , A), n^O. (61) 

The differential dn is defined on homogeneous elements / G C n (A, A) by the formula 

n 

(d H (/))(a , ai, . . . , On) :=a /(ai, . . . , a„) + V"(-l) fc /(a , . . . , a fc _ia fc , . . . , a n ) 

ti (62) 

+(-l)"+7(a ,...,a n _ 1 K. 

We see that dn/ G C n+1 (A, A). We can prove dn ° du = therefore C*(A, A) is a cochain complex. 

The Hochschild cohomology of A is defined as the cohomology group of the cochain complex C* (A, A), 
and we denote it by HH*(^, A) or for short HH*(A): 

im n (A) :=H n (C"(^,^)). (63) 

Now let us look at the case n = 2. The following observation is easy to get: 

Proposition A.l. Let f G C 2 (A, A) = Hom c (A ® A, A). Then f is a 2-coboundary if and only if there 
exists a g G C 1 (A, A) = Homc(A, A) such that for any a,b G A 

f(a,b) = ag(b)-g(ab)+g(g)b. (64) 

Moreover, f is a 2-cocycle if and only if for any a, 6, G A 

af(b, c) - f(ab, c) + /(a, be) - /(a, b)c = 0. (65) 

Proof: Direct check by definition. □ 



Appendix B. The Gerstenhaber bracket on Hochschild cochains and cohomologies 

In this section we give a quick review of the Gerstenhaber bracket. For more details and proofs see 
Q or Q Section 1. For further topics see the survey 151 . 

First, we define an operation o : C k (A, A) 8) C l (A,A) -> C k+l ~ l (A, A). Let f x G C k (A,A) and 
f 2 EC l (A,A), 

(/i ° /2)(ai, • • .,a k+ i-x) := 

= X]( _1 ) (fe_i_1)( ^ 1) /i( a i • • • ' a *> h(ai+i, ■ ■ ■ > o»+i) 5 a i+i+i, ajfc+l-i)- 
In particular, for 2-cochains we have 
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Proposition B.l. Let /i, / 2 G C 2 (A, A), then f\ o f 2 G C 3 (A, A) and is given by 

(/l ° /2)(ai,a 2 ,a 3 ) = /i(/ 2 (ai, a 2 ), a 3 ) - /2(a 2 , a 3 )). (67) 

particular, for f G C 2 (A, A) we have 

(f ° /)(ai,a 2 ,a 3 ) = /(/(ai, a 2 ), a 3 ) - /(ai, /(a 2) a 3 )). (68) 
Proof: This is just the definition. □ 

The Gerstenhaber bracket is defined to be 

[A, / 2 ]g := /i o / 2 - (-l^-W- 1 )^ o /l (69) 

The Gerstenhaber bracket is a Lie bracket. In fact we have the following 

Theorem B.2. T/jg operation " o " g/ves a pre-Lie algebra structure on C*~ l (A, A). Therefore we obtain 
that (C*~ 1 (t4, A), [ , ]g) a graded Lie algebra. 

Proof: See Q. □ 

Proposition B.3. Le? / G C 2 (A, A), then 

[f,f] G = 2fof. (70) 
Proof: We get this directly from the definitions. □ 

The Gerstenhaber bracket is compatible with the Hochschild differential dn- In fact dn is inner in the 
Gerstenhaber bracket. More precisely, let p, : A (8) A — > A denote the multiplication map in A. Then 
p G C 2 (A, A). We have the following 

Proposition B.4. For any f G C k (A, A), we have 

dHf = [p,f] G £C k+1 (A,A). (71) 

We also have \p, p]c = 0. 

Proof: Compare the definition of dn in Equation [62] and the definition of the Gerstenhaber bracket in 
Equation [66] and Equation [69] The fact that [p, p]c = is exactly the associativity of p. □ 

As a result, we have the following theorem: 

Theorem B.5. The Gerstenhaber bracket is compatible with the Hochschild differential dn- In other 
words, for any f\ G C k (A, A) and / 2 G C l (A, A), we have 

4h([/i,/ 2 ]g) = [dufuhh + (-l)* _1 [/i,«fe/2]G. (72) 
Therefore the Gerstenhaber bracket reduces to the Hochschild cohomology HH'^ 1 (A). 

Proof: Since dn is an inner derivation according to Propostion IB.4[ Equation [72] is a consequence of 
the super- Jacobi identity of the graded Lie algebra (C'^ 1 (A, A),[, ]g). □ 

Appendix C. HH'(^4) and the deformations of A 
The Hochschild cohomology plays an important role in the deformation theory, see (H or 0) Section 

2. 

Let A be an associative C algebra (infact we can replace C by any field). A deformation of the algebra 
structure of A means that we fix A as a C-vector space and change the multiplication operation on A. 
More precisely let C[[t]] be the formal power series of t and we define 

A[[t}} :=A® c C[[i]]. (73) 

A[[t}] is obviously a C[[i]] -module. 
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A deformation of the algebra structure on A is given by a map 

m : A[[t}} ® A[[t}} — ► A[[t}} (74) 

where m is required to be C[[t]] -bilinear. So we only need to know the value of m on A <S> A. 
For any a, ft G A, we can write m(a, ft) as 

oo 

m(a,b) = ab + ^2t k m k (a,b). (75) 

fc=o 

We see that each mp. belongs to C 2 (A, A). 

Remark 22. The element t is called the deformation parameter. If we evaluate at t = we get the original 
multiplication on A. On the other hand if we evaluate at t ^ 0, omit the convergence problem, we get a 
new binary operation A ® A — > A. 

Being a multiplication, m needs to satisfy the associativity law. 

Theorem C.l (Formal deformation, see (8J Chapter 1.1). Let m(a, 6) = ab + 2^fc=o ^ m fc( a > ^) as in 
Equation\75\ Then m satisfies the associativity law if and only if for each k ^ 1, we have 

j fc-l 

1=1 

If this holds, we say that m gives a formal deformation of A. 

Proof: The associativity law means that for any a, 6, c G A, we have 

m(a, m(b, c)) — m(m(a, 6), c) = 0. (77) 

Now consider m as an element in C 2 (vl[[t]], .A [[£]]), then Equation 1771 is exactly 

[m,m] G = 0. (78) 

We write m = \i + Ylk=l t km k where \i is the original multiplication on A. Then because we know 
[/x, /]g = dn/ and [fj,, /j]g = in Proposition IB .41 Equation 1781 becomes the Maurer-Cartan Equation 

oo oo oo 

d H (^t fc m fc ) + -g^^i^G = 0. (79) 

k=l k=l k=l 

In the expansion of Equation |79j we take the t k term and get Equation [76] □ 

Corollary C.2 (Infinitesimal deformation), m satisfies the associativity law mod t 2 if and only if 
dn mi = 0, i.e. for any a,b,c G A, we have 

ami(b, c) — mi aft, c + mi (a, be) — mi (a, ft)c = 0. (80) 

If this holds, we say that m gives an infinitesimal deformation of A. 

Moreover, m satisfies the associativity law mod t 3 if and only if dnm\ = together with 

d H m 2 + -[mi,mi] G = 0. (81) 

The above equation is equivalent to 

dHfn2 + mi o mi = (82) 
since in Proposition \B. 3\ we know that [mi,mi]c = 2mi o mi 
Proof: This is an direct corollary of Theorem lC.il □ 

On the other hand, we need to study the problem that when the deformation m is trivial. In other 
words, wether or not we can find an algebraic isomorphism 

9: (A[[t]],n) — > (A[[t]],m) (83) 
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where 9 is C[[t}] -linear and is given by 



oo 



9(a) = a + ^t k O k (a). 



(84) 



k=l 



The requirement for 9 is for any a, b £ A 

9(ab) 



m(9(a),9(b)). 



(85) 



The existence of 9 is a complicated problem. First we have: 
Proposition C.3 (InfmitesimaHy trivial deformation). There exists a 9\ G C 1 (A, A) such that 9 = 



Further discussion of the triviality of deformations involves the concept of gauge equivalence of 
Maurer-Cartan elements, see H6] Section 1 or [17] Chapter 13. 
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